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VWhat we solve...
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No general solution !






Bell X-| exceeded
800 mph, M1.06 (1947)




All sciences use
numerical simulations
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Astronomy is special in the
strong shocks.



Why are the results different ?

Can | believe my simulation ?



Finite Difference
Method (FDM)

Grid-base code




Smoothed Particle
Hydrodynamics (SPH)

e Artificial viscosity

A

. P, P
UV, = — ij (,0' ,0]' H@j) Vzw(rz — Ty, hzg)
J ' /




Why particle code !
|. Multi-dimension

® [-Dim.even in 3-Dim.
297

A
® Llagrangian .vs. Eurian




Kelvin-Helmholtz Inst.
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Why particle code !

. Self-gravity -
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FDM vs SPH

® Self-gravity, irregular geometry : SPH

® High energy explosion : FDM



Artificial viscosity

. P, P;
UV, = — ij (p_ —+ p_J —+ Hzg) VZW(’I"Z — ’I"j, h’L])
j ! J

( —Oécq;jm'j—l-ﬁ,u%j -
if Vii *Tii < 0
where 11;; = & oY .
0 elsewhere
® essential for shocks o —@
® turn on in approaching
particles e

® notorious side effects in
a velocity shear (i.e.a
keplerian disc)



GodunovSPH

Riemann solver instead of the artificial viscosity

P, P

'l.JZ' = — ij ( i | > VZW(T‘Z — ’I“j, hZJ)
J

Pi  Pj

GSPH can describe (strong) shocks without the AV !



Riemann problem
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Side effect of AV
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Can we believe these !




Convergence

Lax-Richtmyer (1956)
and

Lax-VWendroff (1960)

said that

“Conservation, Stability and Consistency

are essential for the Convergence”



Conservation
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numerical
scheme

Growth or decay Amplitude Error
due to a numerical error a
Ak — Ak (t)




GSPH has no amplitude error, but..

Figure 3.6: Amplitude error contours for isothermal SPH with artificial viscosity
on the k — a plane. bspy av is always negative, so the amplitude of the initial
perturbation decays with time. The contours show the values at the time, t = 1, i.e.
just after one period of the wave. The amplitude error depends very weakly on « in
the stable region. This means that provided « is set in the stable region, the value
of « is not very critical.



Stability

Phase Error, v = v(k)

—

numerical
scheme
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Sound wave




Phase error-free scheme is important in inkjet printers

1 u At u? At?

¢ =4 - A (g1 +3q) —5g" 1 +q" o) — T A3 (g1 —a' — g1 +q")

Fromm’s scheme (1984)
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Figure 2. Inter-disciplinary simulation of piezoelectric
inkjet formation. Time interval is 6% of firing cycle.

Zeng (2009) Chang (201 1)



Consistency

* Resemblance of PDE and the numerical equations

* Analysis of the truncation error

* Order of accuracy

— Clil?

- Chx + Cax?

—

numerical
scheme

— Clil?

- Chx + Cayx?



Numerical Surface
tension

® SPH is inconsistent.

riables

® The numerical surface 3
tension appears due to
the inconsistency.

Chaetal. 2010
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tension

e d oo o b o' s o's o velo d p'odeoloo’'e do'ed o'
| 2 9 0O 0 9 0O & 9 O 0 9 0 4G9 0 4G9 0400aG069aQa0OaceaQ
PP 0 PO O OO U U P U YOO PO Y PO YPOYPOO PO O
™% @ 0 & 0 0O & 9 O 6 O 0 G4 90 G 90400 a00aGa0Oa0Oad0dy
| P 2P © PP 0 0RO TR OT L0 LOTLOCPOTPOC PO O P
S 90 0 90 0 906 904G 90490400 aa004a06Oaa009a0
- ® P O P P O U P O U P OO P U TP 0T P00 P00 PO 0 PO O W
S 090 0 900 6 OO0 G690 GO0 4G4 90 aO0O0aG06O04a06Oa06Oac06
(® P © P2 0 P P 0 TP OTOOLPOTPOCPOCPOC PO O
8 0 0 0 00 & 9 0 G 904 904G 904 OOAO0Oa0Oa0O A
P P 0 PR O TP O U RO T e O T PO T R OC POC PO C PO OV
EEEEEREEEEEEEEREEE E EE R EE R E R E EE E EEEE T
| P P 0O PP O 0P O U O OTOOTPO0U P00 POTPOC PO O
S 90 0 90 & 90 690 G490 4490 uO0O0aGA0Oa0Oa09 a0
- ® P 0 P P 0 T PO U PN LT VO Y V0T P OCPOU PO OC PO OV
2 00 000 00000400 OO0GCO0OO0GQOOCAGEOOEAGEOOASOS
Y S PO BOE O PIEOENIISEOEDDIFSEOEIVEEYIDSESEPEIIS I
PO PI PRI PIT PV PR PO PP PSPV PR YPPI VIS PO PIYIYVEY S
=2 2 R 222 B2 E R REAENEERARERES AR LR AR AN RERREREZEERE
LA A 2 R A AR R B2 AR R RN RN LERNSERERERENESERERRRLEERNEZESRS.R.)
L 90 800900200094 0a009039000%Aa00OFYYGCOCASIYRFORESPOISOPATETPRPOIBRYN,
A 2 2 R A AR R ERARERELERESES LR R RSERELES RS RN EREREDRDLRN B
ﬁﬂbc..dﬁd..ﬁbdﬁaDﬁ..abatﬂdDQDQ&QQ.Q&.CQGDQDO‘_‘
-..'...'....00'..'.'.C'......'.O.'......'..'.C

A R A R AR R ERAEREREEE R R RN ERENR A RENERERLEERNERZEHNRS.R.)
P PO OO RO OIROROT ORI ROTPOERODOTOOROTOTBO RO
sadadavadaadavadvadbacedadadadvoedadaddvadaadvavadaae
it i ik il Bl R LR R LRSS LESRLEREZSESREERESESESESERERSERZESRZSEZE.
LA A A R A LR AR A LR AR AN S AR SR AR LE SR AR RE SR LLE SRR SRSDR)

LR AR AL E AR ERLE AN ZEAEE AR EARLE AR SRR ZRE SRR LR LSS
L A A A B A LR LR 2 AR LR LN AN LEREES AR LERSES AR LESLESLSE LRSS
OQBOGOQOODOQO0.0bO..QOOGO&OQOOGOQOO0.00&DOBOQ_‘
-.............'......'.........O..............
LA N AR B BN B NE L RN ENRALESENEERERESESEERLENLESENRLELERENRENRZSNEHN R,
OO OTOPROTUOTEOROTOTROROTOERODOTOORPTOTBORE T

tadadadadcvadddevadadaavedadadadbRadaPrPaone
e P PO DOTOOROOTOTOROROPOTRORODOERDDOYOORDPTI OO R DY
A B2 R A AR AR RERERERAESERERERSERLEEESENREREERNRREZSNS R

1.2 14 18 18 2

Time = 0.00000000E+00

0.4

0.2

oe dolp oo b o' s o's o velo d p'odeooo’'e do’'edo'e
| 2 9 0 2 9 0 & 9 0 0 9 0 4G9 0 4G9 0400aG0609aa0Oacea
PP 0 PO O OO U U PN Y VU Y PO YOO POYPOO PO O
™% @ 0 & 9 0 & 9 0O 6 O 0 G4 90 G 904 0O04aG004GQ0OaO0OaAd0my
| P 2 © PP 0O 0 PO T RO TLOTLOTLOCPOC P00 PUT O R
2 00 0 90 0 9006 90 GO0 G904 O00aa004a06Oaa009a0
- ® P © P P O U P O U PO O PO Y PO T OO0 P00 PO O PO O W
S 00 0 900 & 006690 GO0 G904 0O0aG0604Ga06Oa060ad06
(®» ® © P9 0 PP 0T PO EE 0T POTPOCPOCPOC PO O P
| & 0 0 0 00 & 9 0 6 90 4@ 904G 90w OO0aO0OaA0Oa0O A
P P 0 PR O TP O U RO T e O T PO T T OC PO C POC PO OO0
"2 @ 0 2 0 0 & 0@ 0 06 0 0 G OO0 G904 004G06O4aa06048060a 6
| P P O PP 0O PP O PP OT P OUPOTOOOCPOT PO PO O N
S 90 0 90 0 90 690 G490 4490 4a0O0aGA00a06Oa09ac0
- ® P ® P P 0O T P O U PO T VO Y V0T POCPOU PO OC PO OV
2 00 000 000004 OO0 GO0 GCQO0O0GCQOOCGCAEOOEAGEOEOAOS
Y S PO EOE OSSP EOENIISEOEDIFSEOEIEOEYIDPDPSTAESEPEIDESS I
PO PIPRIPI PV PO PP PSP PRI PIVYIYS PO PIYIYVYS
=R PO AR S0P AENDP R E PR EOR T PATER Y SN
LA A 2 R A AR R B2 R RN RN EERNSERERRERENESEERERSRELEERNREZERSNR,)
_.0.0..9....0.0.0....0.0..600‘00...0..C.ﬁ.o..ﬁ-
A A 2 R A AR R B A REERELERESESRERESRE SRS ERELESESENESEEREREREDR RN B

ftaadbadadacsabataadaedadadadtaedavacae

_oaoo..aan )
ST RPODOTOOROO PSRN ROROPOPER PO PO RDPO DO PDRE RS
A B A R AR R ERAEREREEE R RN EREEAENESRENERRLEERNERZEHES.NRE.]
PO OT OO RO OIOOROTOYROROPOERODOPOORPTOYRORD T
sdadbadaavadaadavadvadbacedadadadvoedadaddvadaavavadaae
it it kil i R LR L EELEEELESRZEERSEZSESEEEEZSESESERERSERZERZSEZE.
LA A A R A LR LR A LR AR AN S AR AR AR LR SR AR EE SR LLESRSE SRS DR)
EA LR AL E LR L EREIE AN ERLE LN ELRREZSE R LA A A R AR R AR LN LR
PIPIPRPIPIPRORPOPIPRERPOIPIOIVRIOI RGPS PvPIPPITRIOTRISIPIRS
_oesoboaoosoaoa.oso&oaooooaooooooaooooooaooooo_‘
POPOPRDOROPOTROR PR ODPO POV ODPEPODR O DO PEORODPOE DY
LA N AR B BN B NE A ENRENRALESENEERELRENESEERLELESENLELERENRENRZSNESN R
PO OT OO ROUOIOOROTOTROROPOERODPDOPOORPOOPBORS T
dadadRadadacpvaeddadbevadadadedadRadAbRadaPAORe
nialssd R 2 2B R AL R R LA LEZLERERESESESRLESEESENSEESERESREESESE
LA R A R A AR AR REEERAESERERERSERLEEESENREREEERNREREZSNZS R

1.2 14 18 18 2

Time = 0.00000000E+0Q0



GSPH .vs. SPH

GSPH SPH
Conservation X
Stability X

Consistency

Zeroth-Ordered




Rayleigh-Taylor Inst.




What was wrong !

® Lax-Richtmyer and Lax-VVendroff
said necessary conditions.

® Convergence to a weak solution !




Weak solutions

Entropy condition
weak sols. .> (Olenik, 1963)




Thermal compatibility

P
the entropy of a fluid, S = ¢, In <—7>
0
D P
Du_ Po
Dt p
Dp
i PV
Du DV



Density estimation

— Z % / ﬁW((a’: —x;), hi)W((x — x;), hj)dx
it tcGSPH

Assume — ~ p(x) ~ p;, then GSPH
ZmJ/W (. —x;), i) W({(x —x,;),h;)dx

Assume — ~ p(x) ~ p; = p;, then SPH



\
Shock tube t?&(\ '
R .

e The interactions

between the two
different fluid.

08 '
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(SOd|978) 2.5-.\&—L
P good T RN

O



SPH, GSPH & tcGSPH

SPH GSPH tcGSPH
Conservation X
Stability X
Consistency Zeroth-Ordered
Entropy condition X X




Why are the results different ?

They didn’t obey the rules.

Can | believe my simulation ?

Yes | can.



Convergence
Lax&Richtmyer (1956)

Lax&VWWendroff (1960)
1950 Olenik|(1963) 1970

FTCS (1972) Lax-Wendroff
Fromm |+— (1960)
(1968) ZEUS (1992)
MacCormack
(1969) Godunov (1956)

CIR (1952)|—r—| MUSCL (1977) |—

SPH PPM (1984)
—_—
(1977)
GSPH tcGSPH

(1988(2)) (2013)

TVD (1981,1983)
Harten & Roe Shu & Osher

1990

e N R

(1981,1983)

TVD

ENO (1989)

2013

(W)ENO

(1990)




Future

Nonlinear, nonisothermal stability analysis
Total Variation Diminish (TVD)
Non-oscillatory property

Different parallelization (i.e. GPU)



tcGSPH is

® working.

® better.



Public code for CVs

 Convergence scheme : high resolution scheme
 Radiation HD by the diffusion approximation

ANy Fray3cdpehbphalSsabghdn @deelcomed.

e Parallelization with MPI2-libraries

* Magneto hydrodynamics (optional)
e Documentation : HTML, (La) TeX, UNIX man...

e Scientific visualization






olenoidal field
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